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Abstract
Let G be a connected graph. The Steiner distance d(S) of a set S of
vertices is the minimum size of a connected subgraph of G containing all
vertices of S. For k ∈ N, the Steiner k-Wiener index SWk(G) is defined as∑
S d(S), where the sum is over all k-element subsets of the vertex set of G.
The average Steiner k-distance µk(G) of G is defined as
(n
k
)−1
SWk(G).
In this paper we prove upper bounds on the Steiner Wiener index and the
average Steiner distance of graphs with given order n and minimum degree δ.
Specifically we show that SWk(G) ≤
k−1
k+1
3n
δ+1
(
n
k
)
+ O(nk), and that µk(G) ≤
k−1
k+1
3n
δ+1 +O(1). We improve this bound for triangle-free graphs to SWk(G) ≤
k−1
k+1
2n
δ
(
n
k
)
+O(nk), and µk(G) ≤
k−1
k+1
2n
δ +O(1). All bounds are best possible.
Keywords: Steiner Wiener index; average Steiner distance; Wiener index; average
distance; Steiner distance; transmission
MSC-class: 05C12 (primary) 92E10 (secondary)
1 Introduction
The Wiener index W (G) of a connected graph G is defined as the sum of the
distances between all unordered pairs of vertices, i.e.,
W (G) =
∑
{u,v}⊆V (G)
d(u, v),
where V (G) is the vertex set of G, and d(u, v) is the usual distance, i.e., the minimum
length of a path from u to v. First studied by the chemist Wiener [33] as an
indicator for the boiling point of certain alkanes, the Wiener index has become one
of the most important topological indices in chemical graph theory. For its many
applications see, for example, the survey [30]. Since its inception, the Wiener index
has attracted much interest in the graph theory literature under different names,
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such as transmission, defined as the sum of the distances between all ordered pairs
of vertices, and total distance. The Wiener index is closely related to the average
distance µ(G), also known as mean distance, defined as the average of all distances
between two vertices of G, i.e.,
µ(G) =
(
n
2
)−1 ∑
{u,v}⊆V (G)
d(u, v),
where n is the order of G. Hence W (G) =
(
n
2
)
µ(G).
The Steiner distance dG(S) of a set S of vertices in a connected graph G is
defined as the minimum size of a connected subgraph of G containing all vertices
of S. This concept was introduced by Chartrand, Oellermann, Tian and Zou [5]
in order to generalise the notion of distance between two vertices in a graph to an
arbitrary number of vertices. For k ∈ N, the maximum value of dG(S), taken over
all k-sets of vertices of G, is known as the k-Steiner diameter or k-diameter of G.
For results on the Steiner diameter see, for example, [1, 2, 3, 7] and the survey paper
[25].
This paper is concerned with the Steiner k-Wiener index, which generalises the
Wiener index by combining the notions of Steiner distance and Wiener index. For
k ∈ N, the Steiner k-Wiener index SWk(G) of a connected graph G is defined as the
sum of the Steiner distances of all k-sets of vertices, i.e.,
SWk(G) =
∑
S⊆V (G),|S|=k
dG(S).
It generalises the Wiener index since clearly SW2(G) = W (G). The Steiner k-
Wiener index was introduced by Li, Mao and Gutman [21]. A closely related graph
parameter, the average Steiner k-distance of G, denoted by µk(G) and defined as the
average of the Steiner distances of all k-element subsets of V (G), was introduced in
[6] and further investigated in [8]. In the same way in which the Steiner k-Wiener
index generalises the Wiender index, the average k-distance generalises the average
distance since µ2(G) = µ(G).
Several results on the Wiener index are known to hold also for the Steiner k-
Wiener index. The observation that the Wiener index of a graph of order n is at least(
n
2
)
easily extends to the Steiner k-Wiener index: since the Steiner distance of a set
of k vertices is at least k−1, we obtain the lower bound SWk(G) ≥ (k−1)
(
n
k
)
. Doyle
and Graver [14], Entringer, Jackson and Snyder [15] and Lova´sz [23] independently
observed that
W (G) ≤
n+ 1
3
(
n
2
)
, (1)
with equality if and only if G is a path. Dankelmann, Oellermann and Swart [6]
and Li, Mao, Gutman [21] showed that this result extends to the Steiner k-Wiener
index.
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Theorem 1. [6], [21] Let G be a graph of order n. Then
SWk(G) ≤
(k − 1)(n+ 1)
k + 1
(
n
k
)
.
Equality holds if G is a path.
It was observed by Plesn´ık [29] that among all trees of given order the star
minmimises the Wiener index. It was shown by Dankelmann, Oellermann and Swart
[6], and by Li, Mao and Gutman [21] that the same statement holds also for the
Steiner k-Wiener index. Plesn´ık [29] also showed that among all trees of order n and
diameter d, the Wiener index is minimised by the tree obtained from a path on d+1
vertices by attaching n − d − 1 vertices to a centre vertex of the path. This result
was shown in [24] to hold for the Steiner k-Wiener index. Nordhaus-Gaddum type
results on the Wiener index [35] were generalised to the Steiner k-Wiener index [27],
and so were results on the inverse Wiener problem, i.e., the question which numbers
are the Wiener index of some graph [31, 32, 22], as well as results on product graphs
(see [34, 26]).
The bound on the Wiener index (1) has been improved for graphs with various
given properties. For example for 2-connected graphs (i.e., connected graphs in
which removing a vertex does not disconnect the graph), Plesn´ık [29] showed that
W (G) ≤
n
2
⌊
n2
4
⌋, (2)
with equality if and only if G is a cycle. An extension of this result was given in [7],
where it was shown that the cycle maximises, among all 2-connected graphs of given
order, the Steiner k-Wiener index for every integer k with 2 ≤ k ≤ n. Inequality
(2) was strengthened for graphs with given order and connectivity [12] and edge-
connectivity [10, 11], but no bounds on the Steiner k-Wiener index of graphs of
given connectivity or edge-connectivity appear to be known.
The bound in (1) has also been improved for graphs of given minimum degree.
The computer program GRAFFITI conjectured that the average distance of a graph
of order n and minimum degree δ is not more than n
δ
. Kouider and Winkler [20]
proved the following result which is asymptotically sharp.
Theorem 2. [20] Let G be a connected graph of order n and minimum degree δ.
Then
W (G) ≤ (
n
δ + 1
+ 2)
(
n
2
)
.
Although Theorem 2 is asymptotically stronger than the above-mentioned GRAF-
FITI conjecture, it does not actually imply it. The GRAFFITI conjecture, was
proved later by Beezer, Riegsecker and Smith [4]. Kouider and Winkler’s result
was extended in two ways by Dankelmann and Entringer [9] by showing that the
above bound holds not only for G but for some spanning tree of G, and further by
improving this bound by a factor of about 2
3
for triangle-free graphs. It is the aim
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of this paper to show that these bounds on the Wiener index of graphs in terms of
order and minimum degree extend to the Steiner k-Wiener index and the average
Steiner k-distance.
We note that there are several recent bounds on the Wiener index, for example
in terms of diameter [28], radius [13], and other results [17, 18, 19] on the Wiener
index which have not (yet) been shown to hold for the Steiner k-Wiener index.
2 Notation
The notation we use is as follows. By G we always denote a finite, simple, connected
graph on n(G) vertices with vertex set V (G). For a vertex v of G, NG(v) is the
neighbourhood of v, i.e., the set of vertices adjacent to v, and NG[v] is the closed
neighbourhood of v, i.e., the set NG(v) ∪ {v}. For A ⊆ V (G) we define N [A] =⋃
v∈AN [v]. The degree degG(v) of v is the number of vertices in NG(v), and the
minimum degree δ(G) of G is the smallest of the degrees of the vertices of G. If
U ⊆ E(G), then V (U) is the set of vertices of G incident with at least one edge in
U , and G[U ], the subgraph induced by U , is the subgraph whose vertex set is V (U)
and whose edge set is U .
The distance between two vertices u and v, i.e., the minimum length of a (u, v)-
path, is denoted by dG(u, v). If S is a non-empty subset of the vertex set of G, then
the Steiner distance of S, dG(S), is the minimum size of a connected subgraph of G
containing the vertices of S. The distance between a vertex v and a set A of vertices
of G is defined as minw∈A dG(v, w). If the graph is understood from the context,
then we sometimes omit the argument or subscript G.
By Kn we mean the complete graph on n vertices, and nK1 denotes the edgeless
graph on n vertices. For disjoint graphs G1, G2, . . . , Gk the sequential sum G1 +
G2 + · · · + Gk is the graph obtained from the union of G1, G2, . . . , Gk by joining
every vertex of Gi to every vertex of Gi+1 for i = 1, 2, . . . , k − 1. The line graph of
a graph G is the graph whose vertices are the edges of G, with two vertices of the
line graph being adjacent if the corresponding edges of G have a vertex in common.
3 Weighted Steiner k-Wiener index
In this section we introduce the weighted Steiner k-Wiener index, which generalises
the weighted Wiener index. The main result of this section, Lemma 2, is a common
generalisation of Theorem 1 and a bound on the weighted Wiener index given in [9].
For the proof of Lemma 2 we require the following notation.
Definition 1. Given a set X and c a weight function c : X → N0.
(a) For Y ⊆ X we define c(Y ) as
∑
y∈Y c(y).
(b) Define Xc to be the set obtained from X by replacing every x ∈ X with c(x) ≥ 1
by elements x1, x2, . . . , xc(x) and deleting all y ∈ X for which c(y) = 0. If c(x) > 0
then we refer to x as the original, and to x1, x2, . . . , xc(x) as the copies of x.
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(c) Given a set Y ⊆ Xc, the original of Y is the set Y
∗ ⊂ X whose elements are
exactly those x ∈ X of which Y contains at least one copy.
(d) If X is the vertex set of a graph G, then for Y ⊆ Xc we define d(Y ) as dG(Y
∗).
It is easy to see that |Xc| = c(X). With the above definition we can now
introduce the weighted Steiner k-Wiener index of a graph.
Definition 2. Let G be a connected graph with vertex set V and c : V → N0 a
weight function. The Steiner k-Wiener index of G with respect to c is defined by
SWk(G, c) =
∑
S⊆Vc,|S|=k
dG(S).
u w
Fu Fw
A
T
u w
Fu Fw
A
T ′
Figure 1: The trees T and T ′ in Lemma 1.
Lemma 1. Given a tree T with a weight function c : V (T ) → N0. Let u, w be
two adjacent vertices of T . Let A ⊆ N(u) − {w} be a nonempty set. Let F be the
component of T − {ua | a ∈ A} containing u. Let Fu and Fw be the components of
F − uw containing u and w, and U and W their vertex sets, respectively. Let T ′ be
the tree T − {ua | a ∈ A}+ {wa | a ∈ A}. If c(U) > c(W ), then
SWk(T, c) < SWk(T
′, c).
Proof: For a sketch showing T and T ′ see Figure 1. Let V be the common
vertex set of T and T ′, and let S be a k-element subset of Vc. If S
∗ ∩ (U ∪W ) = ∅,
then clearly dT ′(S) = dT (S). Similarly, if S
∗ contains elements of both, U and W ,
then dT ′(S) = dT (S). Hence dT ′(S) 6= dT (S) only if S
∗ − (U ∪W ) 6= ∅ and exactly
one of S∗ ∩U and S∗ ∩W is nonempty. Denoting V (T )− (U ∪W ) by X we obtain
SWk(T
′, c)− SWk(T, c) =
∑
S⊆Vc,|S|=k
(
dT ′(S)− dT (S)
)
=
∑
S:S∗∩X 6=∅,S∗∩U 6=∅,S∗∩W=∅
(
dT ′(S)− dT (S)
)
+
∑
S:S∗∩X 6=∅,S∗∩W 6=∅,S∗∩U=∅
(
dT ′(S)− dT (S)
)
.
If S ⊆ Vc satisfies S
∗∩X 6= ∅, S∗∩U 6= ∅ and S∗∩W = ∅, then dT ′(S)−dT (S) = 1.
Similarly, if S ⊆ Vc satisfies S
∗ ∩ X 6= ∅, S∗ ∩ W 6= ∅ and S∗ ∩ U = ∅, then
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dT ′(S)− dT (S) = −1. Hence
SWk(T
′, c)− SWk(T, c) =
∣∣{S ⊆ Vc | |S| = k, S∗ ∩X 6= ∅, S∗ ∩ U 6= ∅, S∗ ∩W = ∅}∣∣
−
∣∣{S ⊆ Vc | |S| = k, S∗ ∩X 6= ∅, S∗ ∩W 6= ∅, S∗ ∩ U = ∅}∣∣
=
k−1∑
i=1
(
c(U)
i
)(
c(X)
k − i
)
−
k−1∑
i=1
(
c(W )
i
)(
c(X)
k − i
)
=
k−1∑
i=1
(
c(X)
k − i
)[(c(U)
i
)
−
(
c(W )
i
)]
> 0,
where the last inequality holds since c(U) > c(W ). Hence the lemma follows. ✷
The following lemma is central to our proof of the main results of this paper.
For trees it is a generalisation of inequality (1), which is the special case k = 2 and
C = 1.
Lemma 2. Let T be a tree with vertex set V . Let c : V → N0 be a weight function
on the vertex set of T such that c(v) ≥ C for every vertex v ∈ V . Let N be the total
weight of the vertices of T . If C ≥ 1, then
SWk(T, c) ≤
k − 1
k + 1
N + 1
C
(
N
k
)
+
C − 1
C
(
N
k
)
,
Proof: Let N and C be fixed. We may assume that among all trees and weight
functions satisfying the hypothesis of the lemma, T and c are chosen such that
SWk(T, c) is maximum.
Claim 1: T is a path.
Suppose to the contrary that T is not a path. Then T contains a vertex u of
degree at least three. Let V1, V2, . . . , Vr be the vertex sets of the components of
T − u and let wi the neighbour of u in Vi for i = 1, 2, . . . , r. We may assume that
c(V1) ≥ c(V2) ≥ . . . ≥ c(Vr). Let A = {w1, w2, . . . , wr−2}. Define the tree T
′ by
T ′ = T − {ua | a ∈ A}+ {wra | a ∈ A}.
Then the hypothesis of Lemma 1 is satisfied with vertices u and wr corresponding
to vertices u and w in Lemma 1, the subtree T [Vr−1 ∪ Vr ∪ {u}] corresponding to F
in Lemma 1, and the sets {u} ∪ Vr−1 and Vr corresponding to U and W . We have
c({u} ∪ Vr−1) > c(Vr−1) ≥ c(Vr). Hence the hypothesis of Lemma 1 is satisfied, and
if follows that
SWk(T
′, c) > SWk(T, c).
which is a contradiction to the maximality of SWk(T, c). Hence T is a tree with no
vertex of degree greater than two, so T is a path. This proves Claim 1.
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From now on we assume that T is a path with vertices v1, v2, . . . , vn in this order.
We now define an auxiliary graph P on the vertex set Vc. Define the path P by
P = v11 , v
2
1, . . . , v
c(v1)
1 , v
1
2, v
2
2, . . . , v
c(v2)
2 , . . . , v
1
n, v
2
n, . . . , v
c(vn)
n .
Claim 2: For any two vertices, x, y of P we have dT (x, y) ≤
dP (x,y)−1
C
+ 1.
Let x = vri and y = v
s
j . The statement clearly holds if i = j, hence we assume,
without loss of generality, that i < j. Then, since c(vi), c(vi+1), . . . , c(vj) ≥ C we
obtain
dP (v
r
i , v
s
j ) ≥ dP (v
c(vi)
i , v
1
j )
= c(vi+1) + c(vi+2) + ·+ c(vj−1) + 1
≥ C(j − i− 1) + 1
= C(dT (vi, vj)− 1) + 1,
and by rearranging we get Claim 2.
Claim 3: If S ⊆ Vc, |S| ≥ 2, then dT (S) ≤
dP (S)−1
C
+ 1.
Since T and P are paths, we have dP (S) = maxx,y∈S dP (x, y) and dT (S) = maxx,y∈S dT (x, y).
Hence, by Claim 2,
dT (S) = max
x,y∈S
dT (x, y) ≤
maxx,y∈S dP (x, y)− 1
C
+ 1 =
dP (S)− 1
C
+ 1,
which proves Claim 3.
We now complete the proof. By Claim 3,
SWk(T, c) =
∑
S⊆Vc,|S|=k
dT (S) ≤
∑
S⊆Vc,|S|=k
(dP (S)
C
+
C − 1
C
)
=
1
C
SWk(P )+
C − 1
C
(
N
k
)
.
By (1) we have SWk(P ) =
(k−1)(N+1)
k+1
(
N
k
)
. Substituting this into the previous in-
equality we get
SWk(T, c) ≤
1
C
(k − 1)(N + 1)
k + 1
(
N
k
)
+
C − 1
C
(
N
k
)
,
as desired. ✷
4 A bound in terms of order and minimum degree
In the proof of the following theorem we employ a refinement of a method that was
developed in [9] to prove an upper bound on the average distance. For a vertex v of
G denote by T (a) the subtree of G whose vertex set is N [v], and whose edges are
the edges joining v to its neighbours in G.
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Theorem 3. Let G be a connected graph of order n with minimum degree δ. Then
G contains a spanning tree T with
SWk(T ) ≤
k − 1
k + 1
3(n+ 1)
δ + 1
(
n
k
)
+
( 3δ
δ + 1
+ 2k
)(n
k
)
,
Proof: The strategy of the proof is as follows. We simultaneously construct a
maximum packing A in G and a subtree T0 of G, which we extend to a spanning
tree T of G. We then show that the bound of the theorem holds for T .
To construct a packing of G start by choosing a vertex a1 and letting A1 = {a1}
and T1 = T (a1). Let a2 be a vertex at distance exactly 3 from A1, if one exists.
Then there exists an edge e2 joining some vertex of T1 to some vertex of T (a2). Let
A2 = A1 ∪ {a2} and let T2 be the tree obtained from T1 ∪ T (a2) by adding the edge
e2. Let a3 be a vertex at distance exactly 3 from A2, if one exists. Then there exists
an edge e3 joining some vertex of T2 to some vertex of T (a3). Let A3 = A2∪{a3} and
let T3 be the graph obtained from T2∪T (a3) by adding the edge e3. Generally, given
Ai and Ti, we choose a vertex ai+1 at distance exactly 3 from Ai, if one exists, let
ei+1 be an edge joining a vertex in Ti to a vertex in T (ai+1), let Ai+1 = Ai ∪ {ai+1},
and let Ti+1 be the tree obtained from the disjoint union of Ti and T (ai+1) by adding
the edge ei+1. Repeat this step until, after s steps say, all vertices are at distance at
most 2 from As. Let T0 := Ts and A := As. Then A is a maximal packing and every
vertex of G is within distance at most 2 in G from A, and thus adjacent to some
vertex in T0. Joining every vertex not in T0 to a neighbour in T0 yields a spanning
tree T of G.
For every vertex v of T choose a nearest vertex av ∈ A, and a shortest (v, av)-
path Pv in T . Then Pv has at most two edges. For a ∈ A let c(a) be the number
of vertices v of G with av = a. Since A is a packing, for every a ∈ A all vertices in
N [a] have a as their nearest vertex in A, and so
c(a) ≥ δ + 1 for all a ∈ A, (3)
We now show that the difference SWk(T ) − SWk(T, c) is at most O(n
k). More
specifically, we show that
SWk(T ) ≤ SWk(T, c) + 2k
(
n
k
)
. (4)
Let c1 be the weight function that assigns a weight of 1 to each vertex of T . Clearly,
SWk(T ) = SWk(T, c1). Then c is obtained by moving weight units from v to av
for all vertices v ∈ V . Hence Vc is obtained from Vc1 by moving the copy v
1 ∈ Vc1
of vertex v to vertex av and making it a copy of av. Hence there is a bijection f
between the k-subsets of Vc1 and the k-subsets of Vc, mapping every k-set S1 ⊂ Vc1
to a k-set f(S) ⊆ Vc by replacing copies (with respect to c1) of a vertex v by copies
of the vertex av (with respect to c). If TS is a Steiner tree for a k-set S ⊆ Vc1 , then
by adding or deleting suitable edges that are in
⋃
v∈S∗ E(Pv), we obtain a subtree of
T containing all vertices in f(S)∗. Since |
⋃
v∈S∗ E(Pv)| ≤ 2k, we conclude that
dT (S) ≤ dT (f(S)) + 2k.
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Summing over all k-subsets S ⊆ Vc1 yields (4).
We proceed to bound SWk(T, c). Since by the construction of T0 and T every
vertex ai, i > 1, is at distance exactly 3 in T from some vertex aj with j < i, it
follows that in T 3[A] there exists a path from ai to a1 for every i > 1. Hence
T 3[A] is connected. (5)
Let H = T 3[A]. Since dT (ai, aj) ≤ 3dH(ai, aj) for all ai, aj ∈ A, and since the weight
of c is concentrated in the vertices of A, we have
SWk(T, c) ≤ 3SWk(H, c
′), (6)
where c′ is the restriction of c to A. By (3), c′(ai) ≥ δ + 1 for all ai ∈ A. Moreover,
the total weight of c′ is n, i.e., N = n. Hence, by Lemma 2
SWk(H, c
′) ≤
k − 1
k + 1
n+ 1
δ + 1
(
n
k
)
+
δ
δ + 1
(
n
k
)
. (7)
Applying (4), (6) and (7) we obtain
SWk(T ) ≤
k − 1
k + 1
3(n+ 1)
δ + 1
(
n
k
)
+
( 3δ
δ + 1
+ 2k
)(n
k
)
,
as desired. ✷
Corollary 1. Let G be a connected graph of order n with minimum degree δ. Then
SWk(G) ≤
k − 1
k + 1
3(n+ 1)
δ + 1
(
n
k
)
+
( 3δ
δ + 1
+ 2k
)(n
k
)
,
and thus
µk(T ) ≤
k − 1
k + 1
3(n+ 1)
δ + 1
+
3δ
δ + 1
+ 2k.
Example 1. We now construct an example to show that the bound on the Steiner
k-Wiener index in Corollary 1 is best possible apart from a term O(nk), and that
the bound on the average Steiner k-distance is best possible apart from an additive
constant. We only construct examples for the case that δ + 1 is a multiple of 3, but
it is not difficult to modify this construction for all values of δ. For d ∈ N define
the graph Gd,δ by
Gd,δ = Kδ +K(δ+1)/3 +K(δ+1)/3 + · · ·+K(δ+1)/3 +K(δ+1)/3 +Kδ,
where the term K(δ+1)/3 appears d − 1 times. Clearly, n(Gd,δ) =
d+5
3
(δ + 1) − 2,
and diam(Gd,δ) = d. Hence for large d and constant δ we have n = d
δ+1
3
+ O(1).
We now bound the Steiner k-Wiener index from below. For i = 1, 2, . . . , d − 1 let
Vi be the set of vertices of the i-th copy of K(δ+1)/3, and let V0 and Vd be subsets
of cardinality (δ + 1)/3 of the first and last, respectively, copy of Kδ. Let S be the
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set of all k-element sets of vertices of Gd,δ that are contained in
⋃d
i=0 Vi, and that
have no two vertices in the same Vi. Let F be the path of order d + 1 with vertices
u0, u1, . . . , ud. We define a mapping f that maps every set in S to a k-set of vertices
of F . For S ∈ S let f(S) be the subset of V (F ) containing those ui for which S
contains a vertex in Vi. It is clear that dGd,δ(S) = dF (f(S)). Since every k-set of
vertices of F is the image under f of exactly ( δ+1
3
)k sets in S, we have
SWk(Gd,δ) ≥
∑
S∈S
dGd,δ(S) =
∑
S∈S
dPd+1(f(S)) =
∑
S⊆V (F ),|S|=k
(
δ + 1
3
)kdF (S).
Hence, by Theorem 1,
SWk(Gd,δ) ≥ (
δ + 1
3
)k SWk(F ) = (
δ + 1
3
)k
(k − 1)(d+ 2)
k + 1
(
d+ 1
k
)
.
Now for constant k and δ and large n and d we get n = d δ+1
3
+ O(1) and thus
d = 3n
δ+1
+O(1). Hence
(
d+1
k
)
= ( 3
δ+1
)k
(
n
k
)
+O(nk−1), and so
SWk(Gd,δ) ≥ (
δ + 1
3
)k
(k − 1)(d+ 2)
k + 1
[
(
3
δ + 1
)k
(
n
k
)
+O(nk−1)
]
=
k − 1
k + 1
3n
δ + 1
(
n
k
)
+O(nk).
Dividing by
(
n
k
)
we get
µk(Gd,δ) =
k − 1
k + 1
3n
δ + 1
+O(1),
as desired.
5 An improved bound for triangle-free graphs
Our main aim in this section is to improve the bound in Theorem 3 for triangle-free
graphs. The basic idea of the proof of the improved bound is similar to Theorem 3,
but some additional arguments are needed.
For an edge e = uv of a triangle-free graph G denote by T (e) the subtree of G
whose vertex set is N(u) ∪ N(v), and whose edges are the edges joining u or v to
its neighbours in G. The distance d(e1, e2) between two edges of G is the minimum
of the four distances between a vertex incident with e1 and a vertex incident with
e2. The distance between an edge e and a set E1 of edges is the minimum of the
distances between e and the edges in E1.
Lemma 3. Let T be a tree and L the line graph of T . Let SV be a set of vertices of
T , and SE a set of edges of T such that SV ⊆ V (SE). Then
dT (SV ) ≤ dL(SE) + 1.
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Proof: Let TL(SE) be a Steiner tree for SE in L and let U be its vertex set.
Then U is a set of dL(SE) + 1 vertices of L. Since U ⊆ E(T ) and since U induces
a connected graph in L, the subgraph T [U ] of T induced by the set of edges U is
also connected. Since T [U ] contains all vertices of SV , we have dT (SV ) ≤ |U | =
dL(SE) + 1, as desired. ✷
Theorem 4. Let G be a connected, triangle-free graph of order n with minimum
degree δ. Then G contains a spanning tree T with
SWk(T ) ≤
k − 1
k + 1
2(n+ 1)
δ
(
n
k
)
+
(4δ − 2
δ
+ 3k + 1
)(n
k
)
.
Proof: To construct a matching of G start by choosing an edge b1 and letting
M1 = {b1} and T1 = T (b1). Let b2 be an edge at distance exactly 3 from M1, if
one exists. Then there exists an edge e2 joining some vertex of T1 to some vertex
of T (b2). Let M2 = M1 ∪ {b2} and let T2 be the tree obtained from T1 ∪ T (b2) by
adding the edge e2. Let b3 be an edge at distance exactly 3 from M2, if one exists.
Then there exists an edge e3 joining some vertex of T2 to some vertex of T (b3). Let
M3 = M2 ∪ {b3} and let T3 be the graph obtained from T2 ∪ T (b3) by adding the
edge e3. Generally, given Mi and Ti, we choose an edge bi+1 at distance exactly
3 from Mi, if one exists, let ei+1 be an edge joining a vertex in Ti to a vertex in
T (bi+1), let Mi+1 =Mi ∪ {bi+1}, and let Ti+1 be the tree obtained from Ti ∪ T (bi+1)
by adding the edge ei+1. Repeat this step until, after s steps say, all edges are at
distance at most 2 from Ms. Let T0 := Ts and M := Ms. Then M is a matching
and every edge of G is within distance at most 2 in G from M , and so every vertex
of G is at distance at most three from V (M). Joining every vertex not in T0 to a
neighbour that is closer to T0 or in T0 yields a spanning tree T of G that preserves
the distances from all vertices to V (M).
We now show that SWk(T ) is bounded as claimed. For every vertex v of T
choose a nearest vertex av ∈ V (M), and a shortest (v, av)-path Pv in T . Then Pv
has at most three edges. For a ∈ V (M) let c(a) be the number of vertices v of G
with av = a. SinceM is a matching and since G is triangle-free, for every a ∈ V (M)
all vertices in NG[a] except the matching partner of a have a as their nearest vertex
in M , and so
c(a) ≥ δ for all a ∈M, (8)
Making use of the fact that every vertex of T is within distance three of some vertex
in V (M), we show as in the proof of Theorem 3 (see equation (4) there) we show
SWk(T ) ≤ SWk(T, c) + 3k
(
n
k
)
. (9)
Let L(T ) be the line graph of T . Define a weight function c2 on the vertices of L(T ),
i.e., the edges of T , by
c2(uv) =
{
c(u) + c(v) if uv ∈M,
0 if uv /∈M .
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Clearly, c(V (T )) = c2(M) = n. We now show that
SWk(T, c) ≤ SWk(L, c2) +
(
n
k
)
. (10)
Define a bijection f : V (T )c → V (L)c2 that maps, for every edge uv ∈M , {u
1, u2 . . . , uc(u)}∪
{v1, v2 . . . , vc(u)} to {uv1, uv2 . . . , uvc2(uv)}. If S ⊆ Vc then f(S) ⊆ E(T )c2 and
clearly S∗ ⊆ V (f(S)∗). Hence, by Lemmal 3 this implies
dT (S
∗) ≤ dL(f(S)
∗) + 1,
and so
dT (S) ≤ dL(f(S)) + 1,
Summation over all k-element subsets S of Vc yields∑
S⊆Vc,|S|=k
dT (S) ≤
∑
S⊆Vc,|S|=k
(
dL(f(S)) + 1
)
=
∑
S⊆E(T )c2 ,|S|=k
(
dL(f(S)) + 1
)
= SWk(L, c2) +
(
n
k
)
,
which is (10).
By the construction of T0 and T every edge bi, i > 1, is at distance exactly three
in T from some edge bj with j < i. It follows that in the line graph L every vertex bi
of L with i > 1 is at distance exactly four from some vertex bj with j < i. Therefore,
L4[M ] is connected. (11)
Let H = L4[M ]. Since dL(bi, bj) ≤ 4dH(bi, bj) for all bi, bj ∈M , and since the weight
of c2 is concentrated in M , we have
SWk(L, c2) ≤ 4SWk(H, c
′), (12)
where c′ is the restriction of c to M . By (8), c′(bi) ≥ 2δ for all bi ∈ M . Moreover,
the total weight of c′ is n, i.e., N = n. Hence, by Lemma 2
SWk(H, c
′) ≤
k − 1
k + 1
n+ 1
2δ
(
n
k
)
+
2δ − 1
2δ
(
n
k
)
. (13)
Applying (9), (12) and (13) we obtain
SWk(T ) ≤
k − 1
k + 1
2(n+ 1)
δ
(
n
k
)
+
(4δ − 2
δ
+ 3k + 1
)(n
k
)
,
as desired. ✷
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Corollary 2. Let G be a connected graph of order n with minimum degree δ. Then
SWk(G) ≤
k − 1
k + 1
2(n+ 1)
δ
(
n
k
)
+
(4δ − 2
δ
+ 3k + 1
)(n
k
)
,
and thus
µk(G) ≤
k − 1
k + 1
2(n+ 1)
δ
+
4δ − 2
δ
+ 3k + 1.
Example 2. The following example shows that the bound on the Steiner k-Wiener
index in Corollary 2 is best possible apart from a term O(nk), and that the bound on
the average Steiner k-distance is best possible apart from an additive constant. We
only construct examples for the case that δ is even, but as in Example 1 it is not
difficult to modify this construction for odd values of δ. For d ∈ N define the graph
Hd,δ by
Hd,δ = δK1 + δK1 +Kδ/2 +Kδ/2 + · · ·+Kδ/2 +Kδ/2 + δK1 + δK1,
where the term Kδ/2 appears d − 3 times. Then calculations similar to those in
Example 1 show that for constant δ and k and large n and d we have
SWk(Hd,δ) ≤
k − 1
k + 1
2(n+ 1)
δ
(
n
k
)
+O(nk),
and thus
µk(Hd,δ) ≤
k − 1
k + 1
2n
δ
+O(1).
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